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Abstract
We exploit once again the analogy between the energy-momentum tensor and the so-
called “superenergy” tensors in order to build conserved currents in the presence of Killing
vectors. First of all, we derive the divergence-free property of the gravitational superenergy
currents under very general circumstances, even if the superenergy tensor is not divergence-
free itself. The associated conserved quantities are explicitly computed for the Reissner-
Nordstro¨m and Schwarzschild solutions. The remaining cases, when the above currents
are not conserved, lead to the possibility of an interchange of some superenergy quantities
between the gravitational and other physical fields in such a manner that the total, mixed,
current may be conserved. Actually, this possibility has been recently proved to hold for
the Einstein-Klein-Gordon system of field equations. By using an adequate family of known
exact solutions, we present explicit and completely non-obvious examples of such mixed
conserved currents.
1 Introduction and basic results
Conserved quantities in Gravitation are either defined only at “infinity”, see e.g. [33] and
references therein, or they arise as a consequence of the existence of divergence-free vector fields,
called local currents, and of the use of Gauss’ theorem applied to appropriate domains of the
spacetime, see e.g. [13, 22, 26]. A traditional way of constructing divergence-free vector fields
is by using the intrinsic symmetries of the spacetime1: if ~ξ is a Killing vector field, ∇(αξβ) =
0, representing an infinitesimal isometry, then many local currents and associated conserved
quantities arise, such as for instance every vector field of the form A~ξ, where A is any function
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1A spacetime (V, g) is a 4-dimensional manifold V with a metric g of Lorentzian signature (–,+,+,+). Indices
in V run from 0 to 3 and are denoted by Greek small letters. Square and round brackets denote the usual (anti-)
symmetrisation of indices. The tensor and exterior products are denoted by ⊗ and ∧, respectively, boldface
letters are used for 1-forms and arrowed symbols for vectors, and the exterior differential is denoted by d. The
Lie derivative with respect to the vector field ~ξ is written as £~ξ, and the covariant derivative by ∇. Equalities by
definition are denoted by ≡, and the end of a proof is signalled by .
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satisfying ~ξ(A) = 0. This is a simple consequence of the invariance of the geometrical background
under the Killing vector field. Of course, if there are several Killing vectors ~ξL in the spacetime,
then any linear combination of the vector fields of type AL~ξL is also divergence-free whenever
each AL is invariant with respect to the corresponding ~ξL.
There are also other, physically more interesting, types of locally conserved currents con-
structible from ~ξ together with other objects. Take, for example, the typical case of tµνξν for a
divergence-free symmetric tensor tµν . Obviously we have
∇µ (tµνξν) = (∇µtµν) ξν + t[µν]∇µξν = 0
where the Killing property ∇(αξβ) = 0 has been used. Observe that both the divergence-free
property and the symmetry of tµν are needed here. In fact the divergencelessness of tµν is a
sufficient but not necessary condition, as one only needs that ~ξ and∇·t be orthogonal for the first
term to vanish. Furthermore, observe that just a conformal Killing vector field (∇(αξβ) ∝ gαβ)
is required if tµν is also traceless.
A particular important example of this type of locally conserved currents is provided by the
case of the total energy-momentum tensor T µν of the matter fields in General Relativity. In
this case, due to the Einstein field equations, T µν is symmetric and divergenceless, and thus any
Killing vector field ~ξ provides a divergence-free current defined by
J α
(
~ξ
)
≡ Tαβξβ. (1)
These currents have also a physical meaning which depends on the particular character of the
Killing vector ~ξ. For instance, in stationary spacetimes there is a timelike Killing vector ~ξ, and
the corresponding current ~J
(
~ξ
)
can be thought of as the local energy-momentum vector of the
matter in the stationary system of reference. Similarly, for translational or rotational Killing
vectors one obtains currents representing the whole linear or angular momentum, respectively,
at least in flat spacetimes.
Two important remarks are in order here. First, in many cases the mentioned currents ~J
(
~ξ
)
are of the form referred to above, that is, ~J
(
~ξ
)
= BL~ξL for some particular functions B
L. This
does not deprive ~J
(
~ξ
)
of its physical significance. Rather one has to see this result as stating
that, among the huge variety of divergence-free vectors of the form AL~ξL with general A
L, the
particular one with the functions AL = BL have a specially relevant physical meaning. Several
cases in which this happens are given by the following known result [18, 23, 9, 21, 16, 31].2
Result 1.1 Assume Einstein’s field equations of General Relativity hold.
1. If ~ξ is a hypersurface-orthogonal Killing vector, then J
(
~ξ
)
∧ ξ = 0.
2. If ~ξ and ~η are two commuting Killing vectors [~ξ, ~η] = 0 and they act orthogonally transi-
tively on non-null surfaces, then J
(
~ξ
)
∧ ξ ∧ η = J (~η) ∧ ξ ∧ η = 0.
2Recall that a vector field ~v is called hypersurface-orthogonal (also “integrable”) if v ∧ dv = 0, and that two
vector fields orthogonal to the non-null surfaces spanned by two given vector fields ~v and ~w generate surfaces
whenever the two 1-forms v and w satisfy v ∧w ∧ dw = v ∧w ∧ dv = 0. Thus a G2-group of motions generated
by two Killing vectors ~ξ and ~η is said to be acting orthogonally transitively on non-null orbits when there exists
a family of surfaces orthogonal to the orbits, which means that ξ ∧ η ∧ dη = ξ ∧ η ∧ dξ = 0.
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The first of these results means that if there are (locally) hypersurfaces orthogonal to the Killing
vector, then the corresponding current lies in the direction of the Killing vector itself. This
implies that the integration of ~J
(
~ξ
)
·~ξ (and of ~J
(
~ξ
)
·~ξ/|~ξ|) over any two different hypersurfaces
orthogonal to ~ξ is the same. The second one states that any two (group-forming) Killing vectors
whose surfaces of transitivity are orthogonal to a family of surfaces have currents which lie
necessarily in the orbits of the G2 group generated by them. Of course, both results are quite
natural and follow from the invertibility of the orthogonally transitive Abelian G2 group (which
reduces to hypersurface-orthogonality for 1-dim groups) [9].
The second remark concerns the case when there are several types of matter fields in the
spacetime, and the corresponding energy-momentum tensors. For simplicity, assume that there
are two different sorts of matter contents (an electromagnetic field and a fluid for instance), with
corresponding energy-momentum tensors T
(1)
αβ and T
(2)
αβ , forming an isolated system. Then, only
the total energy-momentum tensor Tαβ ≡ T (1)αβ +T (2)αβ is divergence-free, and therefore the partial
currents constructed from T
(1)
αβ or T
(2)
αβ are not conserved separately in general. Of course, this is
physically meaningful and reasonable, as it leads to the conservation of the corresponding total
quantity, and thereby implies the exchange of some energy-momentum properties between the
two fields involved. A classical example of this situation can be found in the standard reference
[19] for the case of Special Relativity, where one can see that if the sources of the electromagnetic
field are taken into account then the energy-momentum tensor of the electromagnetic field is not
divergence-free, but its combination with the energy-momentum tensor of the charges creating
the field provides a total energy-momentum tensor which is divergence-free and thereby provides
the usual conserved currents associated to the ten Killing vectors of flat spacetime. This proves in
particular that the energy-momentum properties can be transferred from one field to another,
or from matter to the fields, and vice versa. This transference property together with the
positivity and the conservation are the basis for the paramount importance of the concept of
energy-momentum in physical theories.
In this paper we shall analyse other locally conserved currents arising in Gravitation which
keep the mentioned three properties: positivity, local conservation, and interchange. These local
currents arise due to the existence of the so-called “superenergy” tensors, see [1, 2, 3, 4, 25, 27, 28]
and references therein, and, as we shall prove, they have analogous attributes to those so far
mentioned for the energy-momentum currents (1). The type of currents we shall analyse have
expressions such as
Tαβλµ ξβξλξµ,
or adequate generalisations of this using different Killing vectors, where Tαβλµ will be any of
the available superenergy tensors for the physical fields involved.
In particular, we start by constructing the corresponding currents for the Bel superenergy
(s-e) tensor [2, 3, 28], which is divergence-free in vacuum (where it is called the Bel-Robinson
tensor) and in Einstein spaces, and, therefore, it can lead to conserved s-e currents. We shall
see in Section 2 that, in fact, all the currents constructed from the Bel tensor (in vacuum or
not) and a Killing vector satisfy properties analogous to those of Result 1.1, which will result
in divergence-free currents in many general situations. Some specific examples of these currents
are written down and analysed in Section 3 leading to physical consequences of some interest.
Nevertheless, in completely general situations, the Bel s-e currents will not be divergence-
free; something which seems natural if the s-e concept is to have any physical meaning at all.
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This is because if in the spacetime other fields than the gravitational one are present, one should
expect in principle that the conserved current be formed by a combination of the sum of the
gravitational Bel s-e current and the s-e current of the matter fields involved, in analogy with
the energy-momentum currents, as explained before. This is supported also by the fact that
the s-e currents of the matter fields are conserved in flat spacetime –that is, in the absence of
gravitational field–, see for a proof [29, 28, 30]. As a matter of fact, the existence of such mixed
divergence-free currents has been rigorously proved in [29, 28] for the case of a minimally coupled
scalar field, that is, for the Einstein-Klein-Gordon situation, whenever there is a Killing vector.
As explicitly shown in [29, 28], none of the two single currents, the scalar field s-e current nor
the Bel one, are divergence-free separately in general. These results are summarised briefly in
Section 4.
One of the purposes of this paper is to compute these divergence-free mixed currents in
some particular situations, thereby providing explicit examples of the exchange of s-e between
the scalar and gravitational fields, and the conservation of combined quantities. However, there
arise several technical difficulties. First of all, the result for the Bel tensor which is analogous
to Result 1.1 above, presented in Results 2.1 and 2.2 of Section 2, implies that (see Theorem
2.1): 1) if the Killing vector is hypersurface-orthogonal, then its corresponding Bel current
is automatically divergence-free; and 2) if two Killing vectors form an Abelian group which
acts orthogonally transitively on non-null surfaces, then all the corresponding Bel currents are
divergence-free too. Thus, even though these results are physically interesting on their own,
they prevent the existence of mixed currents in those cases. Hence, we have to resort to other
more general cases in order to find such mixed currents. But then a second problem arises,
namely, to find explicit spacetimes which are solution of the Einstein-Klein-Gordon equations
under the needed more general circumstances: there are hardly any known solutions with a
non-hypersurface-orthogonal Killing vector, and very few with a non-orthogonally transitive
2-parameter group.
The good news is, though, that there is at least an explicitly known family of solutions of
the type we need. These solutions were found by Wils in [34] and we will use them in the second
part of Section 4 to construct the sought mixed divergence-free s-e currents. This will provide
explicit examples of the s-e interchange and of conserved currents which would have been very
difficult to find, and even more to be singled out, if the concept of superenergy tensors had not
been available.
2 General results on Bel currents
We will use the notation and terminology of [28] for the superenergy tensors. The Bel tensor,
introduced by Bel more than 40 years ago [2, 3], is the basic superenergy tensor of the total
gravitational field, that is to say, the s-e tensor Tαβλµ
{
R[2],[2]
}
associated to the Riemann tensor
Rαβλµ. Its explicit expression reads [10, 8, 28]
Bαβλµ ≡ RαρλσRβρµσ +RαρµσRβρλσ −
−1
2
gαβRρτλσR
ρτ
µ
σ − 1
2
gλµRαρστRβ
ρστ +
1
8
gαβgλµRρτσνR
ρτσν , (2)
from where the following properties explicitly arise:
Bαβλµ = B(αβ)(λµ) = Bλµαβ , B
ρ
ρλµ = 0. (3)
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Using the second Bianchi identity ∇[νRαβ]λµ = 0 one obtains the following expression for
the divergence of the Bel tensor:
∇αBαβλµ = Rβ λρ σJµσρ +Rβ µρ σJλσρ −
1
2
gλµRβρσγJ
σγρ, (4)
where Jλµβ = −Jµλβ ≡ ∇λRµβ −∇µRλβ and Rβµ is the Ricci tensor. Note that because of (3)
this is the only independent divergence of the Bel tensor. From (4) we obtain the fundamental
result that B is divergence-free when Jλµβ = 0. This happens, for instance, in all Einstein spaces
(where Rµν = Λgµν), so that in particular this implies that the Bel-Robinson tensor [1, 3, 4, 25],
which is the s-e tensor of the Weyl conformal tensor and coincides with B in Ricci-flat spacetimes
[8], is divergence-free. The divergence-free property of the Bel or Bel-Robinson tensors in these
cases allows for the construction of divergence-free currents whenever there is a Killing vector.
These currents are built in a similar way to those formed with the energy-momentum tensor,
as we show next. Following [28] one can define the Bel current with respect to any three Killing
vector fields ~ξ1,
~ξ2,
~ξ3 (they do not need to be different!) as
jµ
(
~ξ1,
~ξ2,
~ξ3
)
≡ B(αβλ)µ ξα1 ξβ2 ξλ3 = B(αβλµ) ξα1 ξβ2 ξλ3 . (5)
To avoid unnecessary writing we will omit the repetition of the Killing vectors: j
(
~ξ1, ~ξ2
)
≡
j
(
~ξ1, ~ξ2, ~ξ2
)
and j
(
~ξ
)
≡ j
(
~ξ, ~ξ, ~ξ
)
. The divergence of these currents can be easily computed
to give
∇µjµ
(
~ξ1, ~ξ2, ~ξ3
)
=∇µB(αβλµ) ξα1 ξβ2 ξλ3 + 3B(αβλµ)∇(µξα)(1 ξβ2 ξλ3) = ∇µB(αβλµ) ξα1 ξβ2 ξλ3 ,
where we have used the fact that the ~ξa are Killing vectors: ∇(αξβ)a = 0 (a = 1, 2, 3.) Therefore,
the vanishing of the divergence of the Bel tensor implies the vanishing of that of ~j
(
~ξ1, ~ξ2, ~ξ3
)
,
defining, thereby, a conserved current.3
Nevertheless, the Bel currents are not only conserved when the Bel tensor is divergence-
free. Following the general arguments in [9] showing the invertibility of orthogonal transitive
Abelian G2 groups (and, in particular, integrable 1-dim groups) acting on non-null orbits, since
the Bel tensor is intrinsically defined, if the metric admits an invertible group then the Bel
tensor must be invertible implying that its contraction with any odd number of Killing vectors
provides a tensor tangent to the group orbits. Therefore, the s-e currents constructed from a
hypersurface-orthogonal Killing vector or two non-null Killing vectors generating an Abelian
orthogonally-transitive G2 will necessarilly be tangent to the orbits of the corresponding groups.
This is stated as follows:
Result 2.1 If ~ξ is a hypersurface-orthogonal Killing vector, then j
(
~ξ
)
∧ ξ = 0.
Result 2.2 Let ~ξ and ~η be two independent commuting Killing vector fields spanning non-null
surfaces. Then, if they act orthogonally transitively, their four associated Bel currents satisfy
j
(
~ξ
)
∧ ξ ∧ η = j (~η)∧ ξ ∧ η = j
(
~ξ, ~η
)
∧ ξ ∧ η = j
(
~η, ~ξ
)
∧ ξ ∧ η = 0. (6)
3Observe that only in strictly Ricci-flat spacetimes we can use conformal Killing vectors for ~ξ1, ~ξ2, ~ξ3 obtaining
also local currents of type (5), as only in that case the Bel-Robinson tensor is divergence- and trace-free. Then,
one can involve conformal Killing tensors—or even conformal Yano-Killing tensors as in [15]–.
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These currents satisfy then properties completely analogous to that of the energy-momentum
currents stated in Result 1.1, and therefore they will be divergence-free in quite general cases,
as we will show below. For the sake of completeness, we provide the identities involving the s-e
currents and the geometrical properties of 1-dim and 2-dim groups of isometries, from which
Results 2.1 and 2.2 trivially follow.
Identity 2.1 Let ~ξ be a Killing vector field in (V, g). Then we have
ξαξβξλBαβλ[µξγ] =
3
2
{
ξλξβR
λσβτ∇τ
(
ξ[µξγ;σ]
)
+ ξβRρτσ [µξγ]∇σ
(
ξ[ρξβ;τ ]
)}
. (7)
Proof. Since ~ξ is a Killing vector we have [12, 22]
∇α∇βξλ = ξρRραβλ, (8)
so that direct contraction of the Bel tensor (2) with ~ξ yields, on using (8),
ξαξβξλBαβλµ=2ξ
λ∇ρ∇σξλ∇ρ∇σξµ + 1
2
ξλξλ∇σ∇ρξτRρτσµ −
−1
2
ξµ∇ρ∇σξλ∇ρ∇σξλ + 1
8
ξλξλξµR
ρστνRρστν .
The exterior product of this one-form with ξ gives then
ξαξβξλBαβλ[µξγ] = 2ξλ∇ρ∇σξλ∇ρ∇σξ[µξγ] +
1
2
ξλξλ∇σ∇ρξτRρτσ [µξγ]. (9)
Expanding the covariant derivative of the three-form ξ ∧ dξ we get
3 ∇ρ
(
ξ[γξσ;µ]
)
= −3 ∇γξ[ρ∇µξσ] + ξσ∇ρ∇γξµ − 2 ∇ρ∇σξ[µξγ]. (10)
and taking into account that ξλ∇ρ∇σξλ is symmetric due to (8), its contraction with (10)
provides
3 ξλ∇ρ∇σξλ∇ρ
(
ξ[γξσ;µ]
)
= −2 ξλ∇ρ∇σξλ∇ρ∇σξ[µξγ]. (11)
Let M{Ω}ρµσ be any tensor with an arbitrary number of indices (denoted by {Ω}) plus three
indices such that M{Ω}[ρµσ] = M{Ω}ρ(µσ) = 0. After relabelling the indices, the contraction of
(10) with M{Ω}ρµσ and ξγ gives
3 ξβM{Ω}σρτ∇σ
(
ξ[βξτ ;ρ]
)
= ξλξλ∇σ∇ρ∇τM{Ω}σρτ + 2 ξβ∇σ∇τξβξρM{Ω}σρτ . (12)
Replacing now M{Ω}σρτ by Rρτσ[µξγ] and using (8) and (11) we find
3 ξβRρτσ [µξγ]∇σ
(
ξ[βξτ ;ρ]
)
= ξλξλ∇σ∇ρξτRρτσ [µξγ] − 3 ξλ∇ρ∇σξλ∇ρ
(
ξ[γξσ;µ]
)
. (13)
The final step is just to compute the linear combination (9)+(11)−12 (13) to obtain
ξαξβξλBαβλ[µξγ] =
3
2
{
−ξλ∇ρ∇σξλ∇ρ
(
ξ[γξσ;µ]
)
+ ξβRρτσ[µξγ]∇σ
(
ξ[βξτ ;ρ]
)}
,
which, after using (8) and some index manipulation, gives the desired identity (7).
Note that ξαξβξλBαβλµ = ξ
αξβξλB(αβλ)µ = ξ
αξβξλB(αβλµ) due to the symmetries in (3). If
~ξ is hypersurface-orthogonal, i.e. ξ[ρξβ;µ] = 0, Result 2.1 explicitly follows at once as a corollary
of formula (7).
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Identity 2.2 Let ~ξ and ~η be two Killing vector fields in (V, g) generating a two dimensional
group of isometries acting on non-null surfaces. Taking into account (33), (40), (36)-(39) in
the Appendix, the four associated currents can be expressed as follows
−3W 2 j[α
(
~ξA, ~ξB
)
wµν] =
2
3!
W
{(
ξ
(λ
A ξAγw
τ)γξǫB + 2ξ
(λ
B ξAγw
τ)γξǫA
)
(ηλΩ˜1ρ − ξλΩ˜2ρ)Rτ ρǫσ ∗ wσ[αwµν] +
+
(
ξ
(λ
A ξAγw
τ)γξBβw
ǫβ + 2ξ
(λ
A ξBγw
τ)γξAβw
ǫβ
)
(ηλΣ˜1ρ − ξλΣ˜2ρ)Rτ ρǫ[αwµν]
}
+
+
3
2
[(
2 (~ξA · ~ξA)Σ˜Bτ + 4(~ξA · ~ξB)Σ˜Aτ
)
wλσ +
+
(
(~ξA · ~ξA)Ω˜Bτ + 2(~ξA · ~ξB)Ω˜Aτ
)
∗ wλσ
]
Rλσ
τ
[αwµν] +
−1
8
(
2wλσ + ∗wλσ
)
wβγRβγλσ
(
(~ξA · ~ξA)ξτB + 2(~ξA · ~ξB)ξτA
)
(ητΣ1[αwµν] − ξτΣ2[αwµν]), (14)
where the indices A,B,C take the values 1, 2 to denote ~ξ and ~η respectively, and ∗ denotes the
usual Hodge dual.
Proof. Not to overwhelm the text, we prefer to present the proof in an Appendix.
Clearly, if the G2 isometry group is Abelian and acts orthogonally transitively, thenΣA∧w =
ΩA∧w = 0 and Σ˜A = Ω˜A = 0 for A = 1, 2, as follows from (36)-(39), and Result 2.2 is recovered.
Let us introduce the notation ~jΥ, (Υ = 1, 2, 3, 4), for the four Bel currents appearing in (6).
Then, Result 2.2 implies that
~jΥ = aΥ(x)~ξ + bΥ(x)~η. (15)
The functions aΥ and bΥ are not arbitrary. Note that, given that ~ξ and ~η are Killing vectors,
then £~ξR
α
βλµ = £~ηR
α
βλµ = 0, and, therefore,
£~ξB αβλµ = £~ηB αβλµ = 0. (16)
Hence, if we compute the Lie derivative with respect to both Killing vector fields of equation
(15), by using (16) and the definition (5) of Bel currents we deduce
0 = £~ξ
~jΥ = (£~ξ aΥ)
~ξ + (£~ξ bΥ) ~η
and a similar relation replacing £~ξ by £~η. In consequence, the functions aΥ and bΥ are restricted
by
£~ξ aΥ = £~ξ bΥ = £~η aΥ = £~η bΥ = 0.
Taking now the divergence of equation (15) and using this result we arrive at
∇ρjρΥ = 0 Υ = 1, 2, 3, 4 .
The case with only one hypersurface-orthogonal Killing vector can be treated as a special case
of equation (15) with Υ = 1 and b1 = 0. All these results can be summarised as follows:
Theorem 2.1 1. If ~ξ is a hypersurface-orthogonal Killing vector then its corresponding Bel
current ~j
(
~ξ
)
is proportional to ~ξ and divergence-free.
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2. If ~ξ and ~η are two commuting Killing vectors acting orthogonally transitively on non-null
surfaces, then their four corresponding Bel currents ~jΥ lie in the 2-planes generated by
{~ξ, ~η} and are divergence-free.
These results are very interesting, and reinforce, once more, the various analogies between the
energy-momentum tensors and some of the superenergy tensors. Nevertheless, as remarked
in the Introduction, they forbid the existence of mixed superenergy currents if they are to be
constructed with Killing fields of the type appearing in the results. Unfortunately, most of the
known Einstein-Klein-Gordon exact solutions contain such types of Killing vector fields. In order
to get a flavour of the possible interpretation of the s-e currents, we are going to present some
simple cases of pure divergence-free currents in the next section 3, leaving the more difficult
mixed case for section 4, in which an explicit solution of the field equations without the above
mentioned properties for the Killing vector fields will be used.
3 Bel and Bel-Robinson currents in Reissner-Nordstro¨m and
Schwarzschild spacetimes
Let us consider the Reissner-Nordstro¨m spacetime, whose line-element, in standard spherical
coordinates {t, r, θ, ϕ}, reads [13, 22, 16]
ds2 = −
(
1− 2m
r
+
q2
r2
)
dt2 +
(
1− 2m
r
+
q2
r2
)−1
dr2 + r2dΩ2, (17)
where m and q are arbitrary constants representing the total mass and electric charge of the
particle creating the gravitational field, and dΩ2 = dθ2+sin2 θ dϕ2 is the canonical line-element
in the unit 2-sphere. We only consider the exterior asymptotically flat region defined by 1 −
2m
r +
q2
r2 > 0 which restricts the range of the coordinate r to r > 0 if m
2 < q2, or to r > r+ ≡
m+
√
m2 − q2 if m2 ≥ q2. The metric (17) is the general spherically symmetric solution of the
Einstein-Maxwell equations. The electromagnetic field is given by F = (q/r2) dt ∧ dr, and its
energy-momentum tensor expressed (in natural units 8πG = c = 1 where c is the speed of light
in vacuum and G is the gravitational constant) in the coordinate basis is
T µν =
q2
r4
× diag {−1,−1, 1, 1} . (18)
The particular case with q = 0 is the vacuum Schwarzschild solution (then r > 2m).
In the chosen range of coordinates, the metric is static (~ξ = ∂/∂t is a hypersurface-orthogonal
timelike Killing vector) and spherically symmetric. We enumerate the four Killing vectors ~ξL,
(L = 1, 2, 3, 4) as
~ξ1 =
∂
∂t
, ~ξ2 = sinϕ
∂
∂θ
+ cosϕ cot θ
∂
∂ϕ
, ~ξ3 = cosϕ
∂
∂θ
− sinϕ cot θ ∂
∂ϕ
, ~ξ4 =
∂
∂ϕ
. (19)
We want to study the Bel (and Bel-Robinson for the q = 0-case) currents constructed with
the Killing vectors (19) for these spacetimes, together with the currents arising from the energy-
momentum tensor. These will lead to some conserved quantities. Of course, one expects that
all the conserved quantities will be just functions of the constants m and q, but our aim is to
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ascertain which particular combinations of m and q arise at the energy and superenergy levels.
To find them we compute explicitly all the Bel currents:
j(~ξ1) = − 1
r6
(
1− 2m
r
+
q2
r2
)[
6
(
m− q
2
r
)2
+
q4
r2
]
ξ1, (20)
j
(
~ξa, ~ξ1
)
=
1
3r6
(
1− 2m
r
+
q2
r2
)[
12
(
m− q
2
r
)2
+
q4
r2
]
ξa,
j
(
~ξa, ~ξb, ~ξ1
)
= − 1
3r6
(
~ξa · ~ξb
)[
12
(
m− q
2
r
)2
+
q4
r2
]
ξ1, (21)
j
(
~ξa, ~ξb, ~ξc
)
=
1
3r6
[
6
(
m− q
2
r
)2
+
q4
r2
]{(
~ξa · ~ξb
)
ξc +
(
~ξb · ~ξc
)
ξa +
(
~ξc · ~ξa
)
ξb
}
,
where a, b, c ∈ {2, 3, 4}. Similarly, the energy-momentum currents defined in (1) can be computed
on this metric and they read:
J
(
~ξ1
)
= −q
2
r4
ξ1 (22)
J
(
~ξa
)
=
q2
r4
ξa.
It can be easily checked that all the above currents are divergence-free, and therefore they lead
to a set of conserved quantities via Gauss’ theorem applied to appropriate compact 4-volumes of
the spacetime. For illustration purposes, we are going to compute now these conserved quantities
for the simple but relevant case in which the compact region is taken to be bounded by two
t =const. hypersurfaces, say t = t1 and t = t2, t2 > t1, and two r = const. hypersurfaces, say
r = r1 and r = r2, r2 > r1. We call this region K. Applying Gauss’ theorem we immediately get∫
∂K
Aµnµ d
3σ = 0,
where ~A represents any of the ~j or ~J computed above, ∂K denotes the boundary of K, n
is the outward unit normal to K and d3σ is the canonical volume 3-element on ∂K. Clearly,
∂K = {t = t1, r1 < r < r2} ∪ {t = t2, r1 < r < r2} ∪ {r = r1, t1 < t < t2} ∪ {r = r2, t1 < t < t2},
so that the corresponding unit normals are proportional to dt for the first two regions, and to
dr for the remaining two. From the explicit expressions of the currents, we know that none of
them has a non-zero component along dr, and therefore the integrals on {r = r1} ∪ {r = r2}
vanish. Thus, only the integrals on {t = t1} and {t = t2} remain, and thus they must be equal.
In other words, the integrals ∫
t=const.
Aµnµ d
3σ, (23)
taken over any portion of a t =const. hypersurface bounded by the values r1 and r2, are constant
in the sense that they are independent of the particular t =const. hypersurface. It is quite
remarkable that the integrand in (23) for the case of the electromagnetic current (22) is not the
standard expression for the electromagnetic energy density, taken usually as T µνnµnν . However,
(23) leads to simpler results and to expressions which are apparently correct (at least in a naive
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comparison with the analogous ones in the classical theory) such as (25) and (26) found later.
Thus, one wonders if, in a stationary frame of reference defined by ~ξ, the correct expression for
the electromagnetic energy density taken over an extended region of the spacetime —and not
only at a point— should be in fact T µνξµnν.
Coming back to (23), and by noting that n = −
(
1− 2mr + q
2
r2
)1/2
dt and that d3σ =(
1− 2mr + q
2
r2
)−1/2
r2 sin θdrdθdϕ, those integrals reduce to
∫ 2 π
0
dϕ
∫ π
0
sin θ dθ
∫ r2
r1
(−At)r2dr, (24)
whereAt denotes the t-component of ~A. Observe that, once again, among the explicit expressions
for ~j and ~J , only those involving ~ξ1 have a non-zero t-component, and therefore they are the
only ones which may give non-trivial conserved quantities: all other currents provide constants
which are simply identically zero. Actually, not even all of the currents involving ~ξ1 provide a
non-zero constant, because the angular integrals can also vanish. In summary, it is easy to check
that the only non-trivial constants arise from the currents (22), (20) and the three with a = b in
(21), these last three being, in fact, equal. Denoting them by Q1, Q1 and Q2 respectively, they
clearly depend on the values of r1 and r2. Their explicit expressions are:
Q1 = 4π q2
(
1
r1
− 1
r2
)
, (25)
Q1 =
4π
15 r7
(
45m3r3 − 90m2q2r2 − 30m2r4 + 65mq4r + 45mq2r3 − 21q4r2 − 15q6)∣∣∣∣
r2
r1
,
Q2 = − 8π
27r3
(
36m2r2 − 36mq2r + 13q4)∣∣∣∣
r2
r1
.
It is also remarkable that these three expressions are strictly positive. This is a general result—
independent of the spacetime if it is stationary— for the currents of type Q1 and Q1, and follows
from the dominant energy condition satisfied by T µν in the first case, and from the analogous
dominant property satisfied by the Bel tensor [24, 6, 7, 28] in the second, as the corresponding
integrands are positive. This was noted for the Bel-Robinson case for instance in [11] (see also
the recent generalisation in [15]). Nevertheless, there is no similar reasoning for Q2 and its
positivity can only be inferred from the explicit expression of the local current (21).
If we want to obtain constants associated to the spacetime, we can also take the limit cases
in which the above expressions are computed over a whole slice t =const. by taking r2 → ∞
and the minimum possible value for r1. There appear then two different situations depending
on whether m2 ≥ q2 or not. If m2 < q2, then the minimum value for r1 is r1 = 0, and clearly all
the above constants diverge. This is natural and analogous to what happens in flat spacetime if
we integrate the energy over the whole space. However, for the case with m2 ≥ q2, the existence
of the event horizon at r+ = m +
√
m2 − q2 provides a finite minimum value for r1, and this
leads to finite conserved constants. A simple computation leads to
Q1 = 4π q
2
r+
,
Q1 =
4π
15 r+
(
6− 14m
r+
+ 14
m2
r2+
− 5m
3
r3+
)
,
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Q2 =
8π
27
r+
(
13− 16m
r+
+ 16
m2
r2+
)
.
For the particular case of the Schwarzschild spacetime (q = 0), they become simply
Q1 = 0, Q1 = π
4m
, Q2 =
16πm
3
.
An obvious question arises: are these particular combinations of m and q special in any sense?
And if yes, why? Clearly, the meaning of Q1 is the total electrostatic energy of the Reissner-
Nordstro¨m black hole with respect to the static observer. However, in order to check this simple
statement one has to put back all the physical constants which were implicitly taken to be unity.
Denoting by M and Q the total mass and charge in the correct units, respectively, we have
m = GM/c2 and q2 = GQ2/c4. Now, the energy-momentum tensor (18) must be multiplied by
c4/(8πG), and therefore we finally get for the physical Q1:
Q1 = 1
2
Q2
r+
. (26)
This is a satisfactory result which may provide a physical interpretation for Q1, as this formula
is reminiscent of that for the energy of the electric field in classical physics.
Now, the same type of reasoning is needed for the superenergy quantities Q1 and Q2. To
that end, we need to know which type of physical dimensions are carried by the superenergy
tensors. This can be deduced from several independent works [14, 5, 30, 17], and as is explained
in [28] (p. 2820) the correct physical units for the physical Bel tensor seem to be energy density
per unit surface, i.e. ML−3T−2. This means that we have to multiply the Bel tensor by κc4/G
to get the correct physical quantities, where κ is a pure number to be chosen. Doing that we
can obtain the following expression for the physical Q1:
Q1 = κ
4π
r2+
(
1
4
Mc2 + β
Q2
r+
)
= κ
4π
r2+
(
1
4
Mc2 + 2βQ1
)
(27)
where β = −1
2
(
1
3
m2
r2+
− 23
30
m
r+
+
4
5
)
is a dimensionless quantity. Of course, since (27) is written
in terms of three non-independent quantities, M , Q and r+, it is not unique. It only provides
a possible good choice. For the particular case of Schwarzschild’s solution (q = 0 ⇒ r+ = 2m)
the previous quantity reduces simply to
Q1 = κ
π
4m2
Mc2 .
We note in passing that if we chose κ = (2π)−2 we could rewrite this as
Q1 =
Mc2
A (28)
where A is the area of the horizon. Nevertheless, such an amusing or inspiring interpretation
for Q1 is not possible in the general case (27) due to the factor β.
A possible way to try and obtain alternative, more complete, expressions of type (27) is by
using the existence of independent superenergy of pure electromagnetic origin, see [28]. In order
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to check this possibility, we can use any of the s-e tensors for the electromagnetic field (the most
general one depends on six arbitrary constants, see [27, 28]) because the corresponding current
constructed with ~ξ1 is always the same, as can be easily checked. Thus, we can use the basic s-e
tensor Tαβλµ{∇[1]F[2]} for ∇F , given by [27, 28]
Eαβλµ ≡ ∇αFλρ∇βFµρ +∇αFµρ∇βFλρ − gαβ∇σFλρ∇σFµρ −
−1
2
gλµ∇αFσρ∇βF σρ + 1
4
gαβgλµ∇τFσρ∇τF σρ . (29)
Its symmetry properties are
Eαβλµ = E(αβ)(λµ)
but it is not symmetric in the exchange of αβ with λµ (a tensor with that symmetry was
found many years ago by Chevreton [10, 30]; Chevreton’s tensor is simply proportional to
Eαβλµ + Eλµαβ . In what follows, one can use either of these tensors or, for that matter, its
completely symmetric part). The current associated to (29), and analogous to (20), can be
easily computed to produce
Eαβλµξ
β
1 ξ
λ
1 ξ
µ
1 = −
3q2
r6
(
1− 2m
r
+
q2
r2
)2
ξα1 , (30)
so that it is clearly divergence-free too. Thus, by a similar procedure as above it gives rise to a
conserved quantity when integrated over any t =constant spatial section. Its value is
Q
(F )
1 =
4π q2
35 r3+
(
4
m2
r2+
− 11m
r+
+ 8
)
=
4π
35 r+
(
8
m3
r3+
− 26m
2
r2+
+ 27
m
r+
− 8
)
. (31)
Therefore, by forming linear combinations with positive coefficients c1 and c2 of the respective
s-e tensors we can get a conserved quantity given by c1Q1 + c2Q
(F )
1 which, when the physical
units have been restored, becomes
c1Q1 + c2Q
(F )
1 = κ
4π
r2+
(
AMc2 +B
Q2
r+
)
with
A = a+ (b− 2a)m
r+
+ (c1 − 2b)m
2
r2+
,
B =
8
35
c2 − 2
5
c1 + (a+
2
15
c1 − 11
35
c2)
m
r+
+ (b− 2
3
c1 +
4
35
c2)
m2
r2+
.
Here a and b are spureous constants (due to the fact that 1− 2m/r++ q2/r2+ = 0), so that these
expressions can be simplified on using this freedom. One can try to restrict the values of the
constants by using other kind of arguments. For instance, there are independent results that
prove the conservation of the simply added superenergy along shock-wave discontinuities for
Einstein-Maxwell spacetimes [20] (see also subsection 7.3 in [28] and references therein), hence
it seems reasonable to put in any case c1 = c2. Setting then c1 = c2 = 1 and, as an example,
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choosing a and b such that A does not depend on m/r+ so that the case Q = 0 is explicitly
recovered, we get
Q1 +Q
(F )
1 = κ
4π
r2+
(
1
4
Mc2 +B
Q2
r+
)
,
where now B = − 1
35
(
11
6
m2
r2+
− 29
12
m
r+
+ 6
)
. Other choices for a and b lead to similar formulas.
Thus, the interpretation of Q1 and, in general, of its combinations with Q
(F )
1 , remains somewhat
obscure.
For the sake of completeness, we include now the physical Q2 (note that the corresponding
Q
(F )
2 vanishes, so that in this case the linear combinations of the superenergy tensors always
lead to a quantity proportional to Q2):
Q2 = 8πκ
(
δMc2 + γ
Q2
r+
)
= 8πκ
(
δMc2 + 2γQ1
)
,
where now δ = 2(8/27 − k)m/r+ + k + 10/27 and γ = km/r+ − 13/27 and k is a disposable
constant similar to the previous a and b. Choosing again δ not to depend on m/r+, one gets
Q2 = κ
16π
3
[
Mc2 +
1
9
(
8
m
r+
− 13
)
Q1
]
.
The units of this quantity are those of energy, that is ML2T−2, but given its origin and con-
struction one has doubts about whether considering it as such or as a kind of “supermomentum”
per unit surface: (ML2T−2)L2/L2. In the Schwarzschild case, q = 0, one gets then
Q2 = κ
16π
3
Mc2.
4 Conserved mixed currents
As discussed in the Introduction, and remarked at the end of the previous section, if there
are non-gravitational fields present in the spacetime then they may also contribute to the total
superenergy tensor. One important question is whether or not the total s-e current thus con-
structed may be divergence-free. Of course, this depends on the field equations for the particular
matter fields involved. In [29, 28], it was proved in full generality that these divergence-free mixed
s-e currents can always be constructed for the simple case of a minimally coupled scalar field
(whenever there is a Killing vector in the spacetime). We now summarize here the main results
in [29, 28] concerning the massless case, which is the one relevant for our present purposes.
Let φ be a massless scalar field. The s-e tensor for the scalar field is the basic s-e tensor
Tαβλµ{∇[1]∇[1]φ} for ∇∇φ and can be easily constructed following the general definition of [28].
The result is (see [27, 28, 29, 30]):
Sαβλµ ≡ ∇α∇λφ∇µ∇βφ+∇α∇µφ∇β∇λφ−
−gαβ∇λ∇ρφ∇µ∇ρφ− gλµ∇α∇ρφ∇β∇ρφ+ 1
2
gαβgλµ∇σ∇ρφ∇σ∇ρφ (32)
from where we immediately deduce
Sαβλµ = S(αβ)(λµ) = Sλµαβ .
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One can straightforwardly compute the divergence of the scalar field s-e tensor
∇αSαβλµ = 2∇β∇(λφRµ)ρ∇ρφ−gλµRσρ∇β∇ρφ∇σφ−∇σφ(2∇ρ∇(λφRσµ)ρβ+gλµRσρβτ∇ρ∇τφ)
so that we realize that the s-e tensor (32) is divergence-free in flat spacetime, that is to say, in
the absence of gravatational field. This allows to construct conserved currents for the scalar field
in flat spacetime. They are built in a similar way to those formed with the energy-momentum
tensor or the Bel currents (5). Following [29, 28, 30], one can define the scalar-field s-e current
with respect to any three Killing vector fields ~ξ1,
~ξ2,
~ξ3 as
גµ
(
~ξ1,
~ξ2,
~ξ3
)
≡ S(αβλ)µ ξα1 ξβ2 ξλ3 = S(αβλµ) ξα1 ξβ2 ξλ3 .
Nevertheless, these currents are not divergence-free in curved spacetimes. In other words, they
are not divergence-free if one takes into account the gravitational field created by the scalar
field. This was to be expected: if the s-e concept is to have any physical meaning at all, then
the total s-e currents, involving both the gravitational and the scalar fields, are the ones to be
conserved. And this was actually proved in [29, 28]: if the Einstein-Klein-Gordon field equations
are satisfied, that is
Rµν = ∇µφ∇νφ =⇒ ∇µ∇µφ = 0
then the sum of the Bel current and the scalar-field s-e current, which will be written as
~J(~ξ1, ~ξ2, ~ξ3) ≡ ~j(~ξ1, ~ξ2, ~ξ3) +~ג(~ξ1, ~ξ2, ~ξ3)
is a divergence-free vector field:
∇αJα(~ξ1, ~ξ2, ~ξ3) = 0.
Observe that ~J is explicitly defined by
Jµ
(
~ξ1,
~ξ2,
~ξ3
)
≡ (B(αβλ)µ + S(αβλ)µ) ξα1 ξβ2 ξλ3 .
These are mixed conserved currents, and they lead to the conservation of mixed quantities,
containing both gravitational and scalar fields contributions. Moreover, note that, in general,
none of the two single currents ~ג nor ~j are divergence-free separately.
We now want to produce some explicit examples of these conserved mixed currents. To that
end, we need an explicit solution of the Einstein-Klein-Gordon equations. There are several of
these in the literature —note that sometimes they are considered as “stiff fluid” solutions.—
The problem, however, is that most of the solutions have either hypersurface-orthogonal Killing
vectors, or spherical symmetry, or a G2-group acting orthogonally transitively, so that the results
of section 2 apply. This means that, for these particular solutions, the Bel and scalar-field s-
e currents are, actually, divergence-free on their own. And thus, they do not give the mixed
conservation we are seeking. What one needs, therefore, is a solution belonging to class A(ii)
in Wainwright’s classification of G2 solutions [32, 31], that is to say, a solution with a non-
orthogonally transitive G2 group of motions.
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Remarkably and fortunately, there exists some explicitly known solutions for spacetimes
belonging to class A(ii) and with a minimally coupled massless scalar field φ as source. These
4A spacetime with just one non-hypersurface-orthogonal Killing vector will also do, but we do not know of any
such solutions for the Einstein-Klein-Gordon system.
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were studied by Wils [34] who, among other metrics of the mentioned sort, found the one-
parameter family of metrics that we are going to use here.
In general, the line element for such solutions will take the following form:
ds2 = −F 20 dt2 + F 21 dx2 + F2[F 23 dy2 + F−23 (dz + F4dx)2]
where F0, F1, F2 and F3 and F4 are functions of t and x only. Wils found the mentioned exact
solutions making separability assumptions on the functions involved, and the solution we are
interested in has
F0(t, x) = F1(t, x) = sinh
2+λ Lt√
6
e
(3+4λ)
6 Lx ,
F2(t, x) = sinh
Lt√
6
e
λ
3 Lx ,
F3(t, x) = sinh
− 1+2λ
2
Lt√
6
e−
(3+λ)
6 Lx ,
F4(t, x) = cosh
Lt√
6
√
2− 4λ
2
3
e
λ
3 Lx ,
and
φ =
√
4− 2λ2 log
(
tanh
Lt
2
√
6
)
,
where L is a positive constant defining the scale and λ is a parameter subject to λ2 ≤ 3/2. The
range of coordinates is constrained by the singularity at t = 0, and thus we take t > 0.
Obviously, ~ξ = ∂/∂y is a Killing vector that satisfies ξ ∧ dξ = 0, so that it is hypersurface
orthogonal. From Result 2.1 it follows that the Bel current ~j(~ξ) is parallel to ~ξ and hence
conserved. In turn, and because the total mixed current ~J(~ξ) is also conserved, the current ~ג(~ξ)
will be divergence-free too. Thus, the sought s-e interchange cannot be found here. We include
the expression for ~J(~ξ) for completeness:
~J(~ξ) =
L4
72
(
4(λ3 − λ+ 3)(2λ + 3) sinh2 Lt√
6
− λ4 + 20λ2 + 72λ+ 68
)
sinh−6(2+λ)
Lt√
6
e−
(9+8λ)
3
Lx ~ξ.
However, we can also use the second Killing vector, which is ~η = ∂/∂z, and one has
η ∧ dη = L
3
√
3− 2λ2 e (6+5λ)3 Lxsinh5+4λ Lt√
6
dt ∧ dx ∧ dz,
meaning that ~η will only be hypersurface orthogonal in the extreme cases λ = ±
√
3/2. Never-
theless, it can be checked that the current ~j(~ξ, ~η), as well as ~ג(~ξ, ~η), is in fact proportional to ~ξ,
so that both of them are divergence-free separately once more. Their sum reads
~J(~ξ, ~η) =− L
4
648
[
3
(
λ4 + 64λ3 + 140λ2 + 40λ− 44− 2(3 − 2λ2)2) sinh4 Lt√
6
−4 (14λ4 − 21λ3 − 97λ2 − 30λ+ 36) sinh2 Lt√
6
]
sinh−2(5+λ)
Lt√
6
e−(1+2λ)Lx ~ξ .
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The only left possibilities for a true exchange of s-e properties are to be found in the remaining
conserved currents ~J(~η) and ~J(~η, ~ξ). And this is indeed the case. Setting x0 = t, x1 = x, x2 = y
and x3 = z, the expressions for their non-zero components are the following:
J0(~η, ~ξ) =
L4
324
(3 + 2λ)
√
3− 2λ2
(
4(1− 2λ2) + 3 (3− 2λ2) sinh2 Lt√
6
)
×
sinh−(11+6λ)
Lt√
6
e−3(1+λ)Lx
J1(~η, ~ξ) =− L
4
54
√
6
√
3− 2λ2
(
2 (3 + 2λ)
(
1− 2λ2)+ 3 (1 + λ) (3− 2λ2) sinh2 Lt√
6
)
×
cosh
Lt√
6
sinh−6(2+λ)
Lt√
6
e−3(1+λ)Lx
J3(~η, ~ξ) =
L4
648
(
204 − 72λ− 612λ2 − 320λ3 + 93λ4 + 64λ5 + 4 (81 + 9λ− 181λ2−
−89λ3 + 50λ4 + 28λ5) sinh2 Lt√
6
+ 6 (3 + 2λ)
(
3− 2λ2)2sinh4 Lt√
6
)
×
sinh−6(2+λ)
Lt√
6
e−
(9+8λ)
3 Lx
J0(~η) =
L4
54
λ
√
3− 2λ2
(
1− (3− 2λ2) sinh2 Lt√
6
)
sinh−9−2λ
Lt√
6
e−
(3+7λ)Lx
3
J1(~η) =− L
4
18
√
6
√
3− 2λ2
(
2− (3− 2λ2) sinh2 Lt√
6
)
cosh
Lt√
6
sinh−2 (5+λ)
Lt√
6
×
e−
(3+7λ)
3 Lx
J3(~η) =
L4
216
(
228 + 216λ+ 44λ2 − 3λ4 + 4 (18 + 9λ+ 6λ2 + 9λ3 + 2λ4) sinh2 Lt√
6
−
−2 (3− 2λ2)2 sinh4 Lt√
6
)
sinh−2(5+ λ)
Lt√
6
e−(1+2λ)Lx.
It can be checked by an explicit computation that these vector fields are divergence-free. We
want to stress that the corresponding pure currents ~j(~η) and ~ג(~η), or ~j(~η, ~ξ) and ~ג(~η, ~ξ), are
not divergence-free in general (unless, of course, 3 − 2λ2 = 0 in which case {~ξ, ~η} generate an
orthogonal transitive G2, in agreement with our previous results). More importantly, we must
remark that these currents ~J(~η) and ~J(~η, ~ξ) are non-trivial in the sense that they are not linear
combinations of the Killing vectors. In other words, they would be very difficult to find if we
did not know about the superenergy concept. The explicit expressions for superenergy tensors
of the gravitational and scalar fields are essential here.
A door obviously open by our work can be stated in the form of the following yet unanswered
question: are there similar non-trivial mixed superenergy currents for general Einstein-Maxwell
systems?
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A Appendix
The 2-form associated with the two Killing vectors spanning the orbits will be denoted by
w ≡ ξ ∧ η. (33)
We also define the one-form r
(
~ξA, ~ξB , ~ξC
)
, relative to the vector fields ~ξA, ~ξB , ~ξC , whose com-
ponents are given by
rµ
(
~ξA, ~ξB , ~ξC
)
≡ ξλA ξαB RαρλσξβCRβρσµ, (34)
where we have introduced the indices A,B,C = 1, 2 to denote the two independent Killing
vectors generating the G2 group: ~ξ1 ≡ ~ξ and ~ξ2 ≡ ~η. It is convenient to define t
(
~ξA, ~ξB , ~ξC
)
as
tµ
(
~ξA, ~ξB , ~ξC
)
≡ ξαAηανρ1ρ2ξBβηβνα1α2ξλCRλσρ1ρ2Rα1α2σµ, (35)
where ηαβµν is the volume element, so that using (2), (34) and (35), a straightforward calculation
allows us to get
j
(
~ξB, ~ξA
)
=
1
3
{
−r
(
~ξB , ~ξA, ~ξA
)
− 2r
(
~ξA, ~ξA, ~ξB
)
− 1
4
t
(
~ξA, ~ξA, ~ξB
)
− 1
2
t
(
~ξA, ~ξB , ~ξA
)
−
−1
2
ξαARαβλσ ξ
ρ
ARρ
βλσ ξB − ξαBRαβλσ ξρARρβλσ ξA +
+
1
8
(~ξA · ~ξA)RρβλσRρβλσ ξB +
2
8
(~ξA · ~ξB)RρβλσRρβλσ ξA
}
.
Clearly the exterior product j ∧w contains only terms of the form r ∧w and t∧w. We define
now the 1-forms ΣA and ΩA by
ΣAµ ≡ ξαηβ ξλARαβλµ,
ΩAµ ≡ ∗wαβ ξλARαβλµ.
Given that ~ξA are Killing vectors, we have
ξσηρRσραβ = ∇α[~η, ~ξ]β + 2∇ρη[α∇ρξα].
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Contracting this identity with a third Killing vector, and making the exterior product with w,
it is straighforward to show
ΣA[αwµν] = 2ξ
β
A∇ρηβ w[µνξα;ρ]−2ξβA∇ρξβ w[µνηα;ρ]+ ξβA∇β[~η, ~ξ][αwµν]+
1
3!
~ξA · [~η, ~ξ] dwαµν (36)
Using (8) it is easy to show that
ΩA[αwµν]=
1
3!
(d ∗ (w ∧ dξA) ∧w − ∗(w ∧ dξA) dw)αµν
−2 ∗ (η ∧ dξA)ρw[ραξν;µ] + 2 ∗ (ξ ∧ dξA)ρw[ραην;µ] . (37)
Bearing in mind these identities, the following definitions will be useful later:
Σ˜Aα ≡ 1
4
ΣA[αwµν]w
µν = − 1
3!
ΣAσ ∗ wσǫ ∗ wαǫ, (38)
Ω˜Aα ≡ 1
4
ΩA[αwµν]w
µν = − 1
3!
ΩAσ ∗ wσǫ ∗ wαǫ. (39)
In order to obtain an expression for r ∧ w in terms of the above quantities we will use the
decomposition of the identity δαβ = P
α
⊥β + P
α
‖ β into its part on the orbit and the corresponding
orthogonal element at each point, i.e.
Pα⊥β = −
1
W
∗ wαρ ∗ wβρ, Pα‖ β =
1
W
wαρwβρ, W = 2w
αβwαβ = (~ξ · ~ξ)(~η · ~η)− (~ξ · ~η)2. (40)
Furthermore, it is convenient to compute first ∗(r ∧w) and apply the Hodge dual to the final
identity. One can then write
∗(r
(
~ξA, ~ξB , ~ξC
)
∧w)γ = ξλA ξµB Rµρλσ(P τ⊥ρ + P τ‖ ρ)(P ǫ⊥σ + P ǫ‖σ)ξβCRβτǫα ∗ wαγ .
Taking into account that P ǫ⊥ρzǫα ∗ wαγ = 12P γ⊥ρzǫα ∗ wαǫ for any 2-form z, this identity can be
arranged onto its dual form as follows
r[α
(
~ξA, ~ξB , ~ξC
)
wµν] =
1
W 2
{
−6RBρAσΩ˜Cρ ∗ wσ[αwµν]
− (~ξB · ~ξC) ∗ wλσR12λσ(∗Σ˜A)αµν − 6 ξAγwǫγΣ˜BδRCδǫ[αwµν]
− (~ξB · ~ξC)R1212 ξλA
(
ηλΣ1[αwµν] − ξλΣ2[αwµν]
)}
, (41)
where we have used the indices A,B,C, 1, 2 in some places also to denote contractions with
~ξA, ~ξB , ~ξC , ~ξ, ~η respectively, in an obvious manner.
Let us proceed now with t ∧w. Using the previous decomposition of δαβ for the summation
index ν in (35) and arranging terms conveniently, we get
t[α
(
~ξA, ~ξB , ~ξC
)
wµν]=
1
W
{
−4 ξλAwρ2λξBβwα2βRCσρ1ρ2Rρ1α2σ[αwµν]
+(~ξA · ~ξB)wρ1ρ2ξλCRρ1ρ2λσwα1α2Rα1α2σ[αwµν]
+(~ξA · ~ξB) ∗ wρ1ρ2ξCRρ1ρ2λσ ∗ wα1α2Rα1α2σ[αwµν]
}
.
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The first term has the form r[α
(
~ξC , ~vA, ~vB
)
wµν] with vA
ρ = ξAλw
ρλ, and hence can be expanded
using (41). For the second and third terms we still have to apply the same procedure as above
to the summation index σ. After some calculation we can obtain the following expression
1
4
t[α
(
~ξA, ~ξB , ~ξC
)
wµν]=
3!
W 3
[
ξλB(ηλΩ˜1ρ − ξλΩ˜2ρ)ξAγwτγξǫCRτ ρǫσ ∗ wσ[αwµν]
+ξλA(ηλΣ˜1ρ − ξλΣ˜2ρ)ξBγwτγξCδwǫδRτ ρǫ[αwµν]
]
+
+
1
4W 2
(~ξA · ~ξB)
{
3!(2Σ˜C
τwλσ + Ω˜C
τ ∗ wλσ)Rλστ [αwµν]
+[4(∗Σ˜C)αµν − ξǫC(ηǫΣ1[αwµν] − ξǫΣ2[αwµν])] ∗ wλσR12λσ
}
. (42)
Using (41) and (42) we are now ready to obtain the expressions for
j
(
~ξB, ~ξA
)
∧w=−1
3
[
r
(
~ξB , ~ξA, ~ξA
)
∧w + 2r
(
~ξA, ~ξA, ~ξB
)
∧w
+
1
4
t
(
~ξA, ~ξA, ~ξB
)
∧w + 1
2
t
(
~ξA, ~ξB , ~ξA
)
∧w
]
,
which, after using ξAγw
λγ(ηλΩ˜1ρ− ξλΩ˜2ρ) = −W Ω˜Aρ and analogous identities, can be explicitly
written as (14).
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